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On an extreme two-point distribution
Chebotarev V.I., Kondrik A.S., Mikhaylov K.V.
1
Let V be the lass of all distribution funtion F of random variables with zero mean
and unit variane. Denote
ϕ(t) =
1√
2pi
e−t
2/2, Φ(x) =
∫ x
−∞
ϕ(t) dt, ∆(F ) = sup
x∈R
|F (x)− Φ(x)|.
There was obtained in [1, Lemma 12.3, p. 115℄ (see also [2, Problem 3.269, p. 70℄)
that sup
F∈V
∆(F ) ≤ 0.5416.
We show in the present notie that in fat the proof in [1℄ leads to a bound, whih is
less than 0.541, and, moreover, this new bound is reahed.
To formulate the main statement we need the funtion
Ψ(x) =
1
1 + x2
− Φ (−|x|) .
Lemma. The funtion Ψ(x) is positive for all x ∈ R, and attains its maximum
CΦ = 0.5409365 . . . in two points: xΦ = 0.213105 . . . and −xΦ. In addition, xΦ is the
root of the equation: xex
2/2(1 + x2)−2 = (8pi)−1/2.
Proof. Let x ≥ 0. We have
Ψ′(x) =
−2x
(1 + x2)2
+
1√
2pi
e−
x2
2 = −2e−x
2
2
(
u(x)− 1√
8pi
)
, (1)
where u(x) = xe
x2/2
(1+x2)2
. Sine
(ln u(x))′ =
1
x
+ x− 4x
1 + x2
=
(1− x2)2
x(1 + x2)
{
≤ 0, if x < 0,
≥ 0, if x > 0,
then u(x) inreases, when x > 0 (there are similar omputations in [3℄ too). With the help
of omputer we nd that the equation u(x)− 1√
8pi
= 0 has the root xΦ = 0.21310518 . . . ,
when x > 0, and, moreover,
CΦ := Ψ(xΦ) = 0.5409365 . . . .
Then it follows from (1) that Ψ′ ≥ 0 for 0 < x ≤ xΦ, and Ψ′ < 0 for x > xΦ. Hene,
max
x>0
Ψ(x) = CΦ. Sine Ψ is an even funtion, the lemma is proved. For obviousness,
see Fig. 1 and Fig. 2.
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Fig. 1. The funtions
1
1+x2
and Φ(−|x|)
Fig. 2. The bihavior of the funtion Ψ(x)

Remark 1. It should be noted that in [1, Lemma 12.3, p. 115℄ the less preise values
for xΦ and CΦ (in our notations) are indiated: xΦ = 0.2135, CΦ = 0.5416. 
Dene r.v. XΦ, taking two values, x1 = − 1xΦ = −4.692518 . . . and x2 = xΦ =
0.213105 . . . , with the probabilities p1 =
x2
Φ
1+x2
Φ
= 0.043441 . . . and p2 =
1
1+x2
Φ
=
0.956559 . . . respetively. It is not hard to see that the distribution funtions of XΦ
and −XΦ, denote them by FΦ and F˜Φ respetively, belong to the lass V.
Theorem. For every F ∈ V,
∆(F ) ≤ CΦ. (2)
The inequality (2) beomes the equality for F = FΦ and F = F˜Φ.
Remark 2. The following variant of the Berry  Esseen inequality, when the number
of summands is equal to one, is proved in [3℄: for every β ≥ 1
sup
F∈Vβ
∆(F ) ≤ C1β, (3)
where C1 = 0.37035 . . . , Vβ is the sublass of all suh distribution funtions from V, that
the third absolute moment is equal to β. The bound (3) is unimprovable, provided that
the right-hand side is the produt of an absolute onstant and β.
Notie that if β > CΦ/C1 ≈ 1.46, the bound (2) is more preise with respet to (3).
But in the ase 1 ≤ β < CΦ/C1 the inequality (3) gives more preise bounds for sup
F∈Vβ
∆(F ),
than Theorem. 
Proof of Theorem. It is well-known, that if the distribution funtion F of r.v. X
belongs to V, then
P(X ≤ −x) ≤ 1
1 + x2
è P(X ≥ x) ≤ 1
1 + x2
, x > 0. (4)
See, for instane, [1, Lemma 12.3, p. 115℄ and [2, Problem 3.237, pp. 67, 239℄.
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Let x > 0 be xed. If F (x) > Φ(x), then, evidently, F (x)− Φ(x) < 0.5. Consider the
ase F (x) ≤ Φ(x). It is easily seen that
|F (x)− Φ(x)| = Φ(x)− F (x) = Φ(x)− 1 + 1− F (x) = −
∞∫
x
ϕ(t) dt+P(X ≥ x).
Using (4), we obtain the inequality |F (x) − Φ(x)| ≤ 1
1+x2
−
∞∫
x
ϕ(t) dt = Ψ(x). It now
follows from Lemma that
|F (x)− Φ(x)| ≤ CΦ. (5)
The inequality (5) for x < 0 is dedued similarly but simpler. The bound (2) is proved.
Let now F = FΦ. Then we have
Φ(x2)− FΦ(x2) = Φ(x2)− p1 = Φ(x2)− (1− p2)
= p2 − (1− Φ(x2)) = 1
1 + x22
−
∞∫
x2
ϕ(t) dx = Ψ(x2) = Ψ(xΦ) = CΦ.
For the sake of obviousness see Fig. 3. Thus, the equality is attained in (2), when F = FΦ.
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Fig. 3. The distribution funtions Φ(x) and FΦ
Symmetri onsiderations lead to the onlusion that for F = F˜Φ the equality in (2) is
attained as well. 
Remark 3. The proof of (2) diers from the proof of Lemma 12.3 [1℄ in fat only by
the dedution of the extreme two-point distribution FΦ, showing that the bound (2) is
unimprovable. 
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